Abstract. By computer search we show that the lattice Γ from [9] is the unique extremal even unimodular 72-dimensional lattices that can be constructed as proposed in [6] .
1 Introduction.
In this paper a lattice (L, Q) is always an even unimodular positive definite lattice, i.e. a free Z-module L equipped with an integral positive definite quadratic form Q : L → Z of determinant 1. The minimum of L is the minimum of the quadratic form on the non-zero vectors of L min(L) = min(L, Q) = min{Q( ) | 0 = ∈ L} 3 .
From the theory of modular forms it is known that the minimum of an even unimodular lattice of dimension n is at most n 24 + 1. Lattices achieving equality are called extremal. Of particular interest are extremal unimodular lattices in the "jump dimensions" -the multiples of 24. There are five extremal even unimodular lattices known in the jump dimensions, the Leech lattice Λ 24 , the unique even unimodular lattice in dimension 24 without roots, 4 three lattices called P 48p , P 48q , P 48n , 5 of dimension 48 which have minimum 3 [2] , [8] and one lattice Γ in dimension 72 [9] .
If (L, Q) is an even unimodular lattice, then L/2L becomes a non-degenerate quadratic space over F 2 with quadratic form q( +2L) := Q( )+2Z. This has Witt defect 0, so there are totally isotropic subspaces U, V ≤ (L/2L, q) such that L/2L = U ⊕ V . Let 2L ≤ M, N ≤ L denote the preimages of U, V , respectively. Then (M, 1 2 Q) and (N, 1 2 Q) are again even unimodular lattices. We call (M, N ) a polarisation of L.
Then the lattice (L(M, N ),Q) is an even unimodular lattice wherẽ
The vectors of norm Proof. Let λ = (a, b, c) ∈ L(M, N ). According to the number of non-zero components one gets up to permutation: 1) One non-zero component: Then λ = (a, 0, 0) with a = 2 ∈ 2L sõ
2) Two non-zero components:
then λ = (a, b, c) has three non-zero components and
By construction all components of λ lie in the same coset of N and their sum is in M . Example 1.3. (see [5] , [7] , [10] ) Let L = E 8 be the unique even unimodular lattice of dimension 8. Then Aut(L) has a unique orbit on the polarisations (M, N ) of L, so there is up to isometry just one lattice L(M, N ) with L = E 8 . This lattice is an even unimodular lattice of dimension 24 with minimum 2, so it is isometric to the Leech lattice Λ 24 . We use this construction of Λ 24 to fix a Gram matrix F of the Leech lattice. Let α ∈ End(E 8 ) be such that α 2 − α + 2 = 0 (there is a unique Aut(E 8 ) conjugacy class of such endomorphisms).
] and β := (1 − α) satisfies αβ = 2. Put M := αL and N := βL. Then a Gram matrix of Λ 24 = L(M, N ) is given by the matrix product
where F is a Gram matrix of E 8 and X = αF (1 − α) tr :
Starting with a suitable polarisation (M 0 , N 0 ) of L = Λ 24 the extremal even unimodular lattice Γ = L(M 0 , N 0 ) of dimension 72 was constructed in [9] . This paper reports on a computer demonstration that Γ is the unique extremal even unimodular lattice of dimension 72 that can be constructed by this tripling construction. The main result is
As already remarked in [6] 2 Orbit representatives of the subspaces.
In this section we list the orbits of the automorphism group of the Leech lattice Λ 24 on the good sublattices N of Λ 24 Such a sublattice N necessarily contains 2Λ 24 and hence corresponds to a totally singular subspace E = N/2Λ 24 ≤ Λ 24 /2Λ 24 . Definition 2.1. Let N be a good sublattice of Λ 24 . Then any nonzero class 0 = f + N ∈ Λ 24 /N contains exactly 24 pairs {±v 1 , . . . , ±v 24 } of minimal vectors in Λ 24 (so Q(v i ) = 2 for all i). The set Proof. We first construct enough totally isotropic subspaces E = N/2Λ 24 of Λ 24 /2Λ 24 such that the full preimage N of E is similar to the Leech lattice. 6 We then compute the stabiliser and profile of these subspaces which turn out to distinguish the orbits. The sum of the orbit lengths is the number of good sublattices N given in [4] which proves the completeness of our list.
The stabilisers of orbit representatives of good sublattices choosing either a better basis or a different orbit representative) . Explicit generator matrices are available from the first author's homepage. 3 The extremely good polarisations.
The key observation to find all extremely good polarisations by an exhaustive computer search is the following easy lemma. Proof. Assume that there is an extremely good polarisation (M, N ). Then F := M/2Λ 24 is a complement of E := N/2Λ 24 in Λ 24 /2Λ 24 . In particular F consists of a system of isotropic representatives of all classes f + N ∈ Λ 24 /N . Any nonzero class f + E contains exactly 2 11 = 2048 isotropic vectors (if f is isotropic, then all isotropic vectors in f + E are {f +e | e ∈ E ∩f ⊥ }). By construction all elements of B(N, f ) are isotropic elements in f +E. If there is one class f + E in which all isotropic elements are bad, then F ∩ B(N, f ) = ∅, contradicting the assumption that (M, N ) is extremely good. Now the procedure to find all extremely good polarisations (M, N ) is as follows: We fix one of the 16 orbit representatives of good sublattices as the second entry N , compute B(N ), put E := N/2Λ 24 and work in F We recursively build the basis (b 1 , . . . , b 12 ) of F by running through There is still an action of S := Stab Co 1 (E) on the complements F of E which we use in the hard cases: If the program has proven that there is no extremely good complement F that contains the vector b 1 , we can exclude the full orbit Sb 1 and replace B(N ) by B(N ) ∪ Sb 1 . For the case S ∼ = G 2 (4) × A 4 we even had to use the action of the stabiliser S 1 of b 1 in S on the candidates for b 2 .
To simplify and speed up the computations we precompute a list of 2 24 entries 0 or 1, where 1 means "bad" and 0 means "good". For a given N , the 8, 386, 560 anisotropic vectors in F We use the action of the stabilizer S of N by letting the C-program exclude the vector b 1 . Then we change all 0s in the orbit Sb 1 to 1s and thus create the new input for the C-program.
We let this program run for all 11 orbit representatives N of good sublattices where 2048 ∈ prof(N ). For the first possibility of N , where S = PSL 2 (25) : 2, we found two extremely good polarisations (M, N ) which belong to the same orbit under S. They both give rise to the lattice Γ constructed in [9] . For the other ten orbit representatives N , no extremely good polarisation (M, N ) was found.
